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1. INTRODUCTION
1972 , C. Fefferman and E. M. Stein [FS] Hardy
$H^{p}=H^{p}(\mathbb{R}^{n})=\{f$ : harmonic in $\mathbb{R}_{+}^{rt+1},$ $f^{*}(x)=. \sup_{|x-y|<t}|f(y, t)|\in L^{p}(\mathbb{R}^{n})\}$
$(0<p<\infty)$ , $(_{\backslash }..)_{[\theta]}(0<\theta<1)$ (see [BL])
.
Theorem 1. $1<p_{[perp]}<\infty,$ $0\leq\theta\leq 1$ ,
$(H^{1}, L^{p1})_{[\theta]}=L^{p}$ .
, $\frac{1}{p}=1-\theta+\frac{\theta}{p_{1}}$ . , $1<p_{0}<\infty_{2}0\leq\theta\leq 1$ ,
$(L^{\mathrm{P}0}, B\lambda/IO)_{[\theta]}=L^{p}$ .
, $\frac{1}{p}=\frac{1-\theta}{p_{\mathrm{Q}}}$ .
Theorem 1 corollary , $H^{1}$ $L^{p}$ $L^{p}$
$BMO$ (see[FS], [GR]and[S]).
Corollary 2. $1<p_{1}<\infty$ , $T$ linear operator ,
$T$ : $H^{1}(\mathbb{R}^{n})arrow L^{1}(\mathbb{R}^{n})$
$T$ : $L^{p_{1}}(\mathbb{R}^{n})-arrow L^{p1}(\mathbb{R}^{n})$





Corollary 3. $1<p_{0}<\infty$ , $T$ linear operator ,
$T$ : $If^{0}(\mathbb{R}^{n})arrow L^{p0}(\mathbb{R}^{n})$
$T$ : $L^{\infty}(\mathbb{R}^{n})arrow BMO$
boundedly, . , $\forall p$ with $p_{0}<p<\infty$ ,
$T$ : $L^{p}(\mathbb{R}^{n})arrow L^{p}(\mathbb{R}^{n})$
bounded ly.
, Corollaly 3 analog , Corollary 2 an alog
.
2 PRELIMINARIES
, Beurling algebra $A^{p}$ $B^{p}$ (see [B], [CL], [F] and
[G] $)$ non-homogeneous Herz $I1_{q}^{r}\alpha,p$ (see [HY]
and [H] $)$ .
$k\in \mathbb{Z}$ , $B_{k}=\{x\in \mathbb{R}^{n} : |x|\leq\underline{?}^{k}.\},$ $C_{k}=B_{k}\backslash B_{k-1,\sim},$ $\lambda’k=\chi_{C_{k}}$ .
$arrow$ , $\chi_{c_{l}}\kappa$. $C_{k}$. characteristic function . , $\chi_{k}=.\mathrm{X}k$. if $k\in \mathbb{N}$ ,
\chi 0=\chi B .
Definition4. $\alpha\in \mathbb{R},$ $0<p<\infty,$ $0<q\leq\infty$ ,
$I_{\acute{\acute{\mathrm{t}}}_{q}=}^{\alpha,p}\{f\in L_{lo\mathrm{c}}^{q}.(\mathbb{R}^{n})$ : $||f||_{\mathrm{A}_{q}^{\prime\alpha,\rho}}= \{.\sum_{k=0}^{\infty}\sim?^{k\alpha p}||f_{\tilde{\mathrm{Y}}’\prime}\iota.||_{q}^{p\}^{1/p}}<\infty\}7^{\cdot}$
$\alpha\in \mathbb{R}_{}0<q\leq\infty$ ,
$I\check{\dot{\mathrm{t}}}_{q}^{\alpha,\infty}=\{f\in L_{l\mathrm{o}c}^{q}(\mathbb{R}^{n})$ : $||f||_{\mathrm{A}_{q}^{\prime\alpha,\varpi}}= \sup_{k\geq 0}2^{k\alpha}||f\tilde{\chi}_{k}||_{q}<\infty\}$ .
Definition5. $1<p<\infty$ ,
$A^{p}=I\mathrm{f}_{p}^{n(1-1/p),1}=\{f$ : $||f||_{\mathrm{A}^{p}}= \sum_{k=0}^{\infty}2^{kn/p’}.||f\tilde{\chi}_{k}||_{p}<\infty\}$ .
, $\frac{1}{p}+\frac{1}{p’}=17^{\cdot}$
$B^{p}=I\mathrm{i}_{p}^{-n/\mathrm{p}_{\backslash }\infty}=\{f\in L_{loc}^{\mathrm{p}}(\mathbb{R}^{n})$ : $||f||_{B^{p}}= \sup_{k\geq 0}\underline{?}^{-kn/p}||f\tilde{\chi}_{k}.||_{p}<\infty\}$ .
, $A^{p}$ $B^{p}$ (see [CL] and [G]).
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Definition6. $1<p<\infty$ ,
$A^{p}=\{f$ : $||f[|_{A^{\mathrm{p}}}=‘. \inf_{1}(\int_{\mathbb{R}^{n}}|f(x)|^{p}\omega(x)^{-(p-1\rangle}dx)1/p<\infty\}$ ,




$B^{p}=\{f\in L_{loc}^{p}(\mathbb{R}^{n})$ : $||f||_{B^{p}}= \sup_{R\geq 1}(\frac{1}{|B(0,R)|}l_{B\{0,R)}|f(x)|^{p}dx)^{1/p}<\infty\}$ .
( ), $B(0, R)\subset \mathbb{R}^{n}$ 0, $R>0$ open ball
.
, Hardy $HA^{p}$ CMO (see [CL] and [G]).
Definition 7. $1<p<\infty$ . , Hardy HA associated to $A^{p}$
$H/A^{p}=$ { $f\in A^{p}$ : $f$ real, $f^{*}\in A^{p}/$}
. , $f^{*}$ $f$ Poisson nontangential maxin]al , i.e. $\forall x\in \mathbb{R}^{n}$
,
$f^{*}(x)= \sup_{y|-x|<t}|c_{rl}f_{\mathbb{P}_{\vee}^{n}}.f(y-x’)\frac{t}{(t^{2}+|x’|^{2})^{(n+1\}/2}}.dx’|$ , $c_{n}.= \frac{\Gamma(\frac{n+1}{2})}{\pi^{n+1\}/2}’}$
. , norm $||\cdot||_{HA^{\mathrm{p}}}$
$||f||_{HA^{p}}=||f^{*}||_{\wedge}l1^{p}$
.
Definition 8. $1<p<\infty$ , $f\in L_{\mathfrak{l}oc}^{p}(\mathbb{R}^{n})$ central mean oscillation of order $p$








$L^{1}\cap L^{p1}(\mathbb{R}^{n})\supset A^{p1}\supset A^{p_{2}}$ ,
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$B^{p_{1}}\supset B^{\mathrm{P}_{\mu}^{2}}\supset L^{\infty}(\mathbb{R}^{n})$ ,
$H^{1}\cap A^{p1}\supset HA^{p_{1}}\supset HA^{P^{\underline{\tau}}}$
$Cfi/IO^{p_{1}}$ :) $CMO^{p2}\supset BMO$
.
, duality theorem (see [CL], $[\mathrm{G}^{(}]$ and [HY]).
Thoorom 9. $\alpha\in \mathbb{R},$ $0<p<\infty,$ $1 \leq q<\infty_{7}\frac{1}{q}+\frac{1}{q’}=1,$ $\frac{1}{p}+\frac{1}{p’}=1$ , where $p’=\infty$ if
$0<p\leq 1$ , ,
$(I\check{\mathrm{i}}_{q}^{\alpha,p})^{*}=\mathrm{A}_{q’}^{\prime-\alpha,p’}$ .
Corollary 10. $1<p,p’<\infty$ with $\frac{1}{p}+\frac{1}{p’}=1$ ,
$(A^{p})^{*}=B^{p’}$ .
Theorem 1L $1<p,p’<\infty$ with $\frac{1}{p}+\frac{1}{p},$ $=1$ ,
$(HA^{p}.)^{*}=CMO^{p’}$ .
, sharp $f^{\#}$ , sharp maximal theorem analog .
Definition12. $f\in L_{loc}^{1}(\mathbb{R}^{n})_{}B\subset \mathbb{R}^{n}$ open ball ,
$f_{B}= \frac{1}{|B|}\int_{B}f(y)dy$
, sharp $f^{\#}$
$f^{\#}(x)= \sup_{x\in B}\frac{1}{|\dot{B}|}\int_{B}|f(y)-f_{B}|dy$ $(x\in \mathbb{R}^{n})$
.
Th.eorem13 $([\mathrm{M}_{1}])$ . $1<p<\infty$ ,
$f\in B^{p}\Rightarrow f^{\#}\in B^{p}$
,
$||f\#||_{B^{\mathrm{p}}}\leq C_{p}||f||_{B^{\mathrm{p}}}$
. , $C_{p}$ $n$ $p$ depend.
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Theorem 14 $([\mathrm{K}^{r}])$ . $1<p<\infty$ ,
$f\in CMO^{p}\Rightarrow f^{\#}\in B^{p}$
,
$||f^{\#}||B^{p}\leq C_{p}||f||_{CMO^{p}}$ .
, $C_{p}’$ $n$ $p$ depend.
Theorem 15 ([K] and $[\mathrm{M}_{3}]$ ). $1<p<\infty$ , some 1 $<p0<p$ t , $f\in$
$L_{loc}^{\mathrm{P}0}(\mathbb{R}^{n})$ ,
$f^{\#}\in B^{p}\supset f\in C\mathit{1}^{1_{\sqrt}}IO^{p}$
,
$||f||CNJO^{p}\leq C_{p}||f^{\mathfrak{g}}||_{B^{p}}$ .
, $C_{p}$ $7l$ $p$ depend.
3. IN TERPOLATION THEOREMS
, C. Fefferman and E. M. Stein $L^{p}$ $B\Lambda/IO$ (Corollary 3)
analog .
Theorem 16 ([M2] and $[\mathrm{M}_{4}]$ ). $1<p_{0}<\infty$ , $T$ ? linear operator ,
$T$ : $B^{p0}arrow B^{P\mathrm{o}}$
$T$ : $L^{\infty}(\mathbb{R}^{n})arrow BMO$
boundedly, . , $\forall p$ with $p_{0}<p<\infty$ ,
$T:B^{p}arrow C\lambda IO^{p}$
boundedly.
, Theorem 16 , 3 .
Theorem 17 $([\mathrm{M}_{4}],)$ . $1<p_{0}<p_{1}<\infty$ , $T$ linear operator ,
$T$ : $B^{p0}arrow B^{p0}$
$T:B^{p1}arrow Cl|/I\mathrm{O}^{p_{1}}$
boundedly, . , $\forall p$ with $p_{0}<p<p_{1}$ ,
$T$ : $B^{p}arrow CMO^{p}$
boundedly.
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$\mathrm{T}\mathrm{h}\mathrm{e}\mathrm{o}\mathrm{r}\mathrm{e}\mathrm{m}|18([\mathrm{K}])$. $1<p\mathrm{o}<\infty$ , $T$ linear operator ,
$T$ : $B^{p0}arrow C_{t}\mathrm{t}IO^{p0}$
$T$ : $L^{\infty}arrow BMO$
$\mathrm{b}\mathrm{o}\mathrm{u}\mathrm{n}\mathrm{d}\mathrm{e}\mathrm{d}1\mathrm{y}_{7}$ . , $\forall p$ with $p_{0}<p<\infty$ ,
$T$ : $B^{p}arrow C\mathit{1}\mathrm{W}O^{p}$
boundedly.
Theorem 19 $([\mathrm{M}_{4}].).1<p_{0}<p_{1}<\infty$ \check , $T$ Jinear operator ,
$T$ : $B^{p0}arrow C\mathrm{A}IO^{p0}$
$T$ : $B^{p1}arrow C\lambda/IO^{p_{1}}$
boundedly, , , $\forall p$ with $p_{0}<p<p_{1}$ ,
$T$ : $B^{p}arrow C\mathrm{A}_{i}fO^{p}$
boundedly.
, Theorem 16 , C. Fefferman and E. M. Stein $H^{1}$ $L^{p}$
(Corollary 2) analog .
Theorem 20. $1<p_{1}<\infty$ , $T$ linear operator ,
$T$ : $H^{1}arrow L^{1}(\mathbb{R}^{n})$
$T$ : $A^{p1}’arrow A^{p1}$
boundedly, . , $\forall p$ with $1<p<p_{1}$ ,
$T$ : $HA^{p}arrow A^{p}$.
boundedly.
Proof of Theorem 20. [FS] ? similar.
$S$ $T$ adjoint ,
$\int_{\mathbb{R}^{n}}(Tf)(x)g(x)dx=f_{\mathrm{R}^{n}}f(x)(Sg)\{x)dx$ .
, $g \in B^{p_{1}’},\frac{1}{p_{1}}+\frac{1}{p_{1}’}=1,$ ,
$(*)$ $f-r \int_{\mathbb{R}^{n}}f(x)(Sg)(x)dx$
bounded iinear functionai on $A^{p1}$ , $A^{p_{1}}-B^{p_{1}’}$ duaiity , $Sg\in B^{p_{1}’}$ ,
$||Sg||_{B^{p_{1^{J}}}}\leq A||g||_{B^{\mathrm{p}_{1^{J}}}}$ .
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, $g\in L$“ $(\mathbb{R}^{n})$ , $(*)$ bounded Jinear functional on $H^{1}$ , $H^{1}- BMO$
$\mathrm{d}\mathrm{u}\mathrm{a}1_{1}^{l}\mathrm{t}\mathrm{y}$ , $Sg\in BMO$ ,
$||Sg||_{B\mathrm{A}IO}’\leq A|_{1}^{1}g||_{L^{\infty}}$ .
, Theorem 16 ; $p_{1}’<\forall p’<\infty$ ,
$||Sg||_{C\mathrm{J}\swarrow IO^{\mathrm{p}^{l}}}\leq C||g||_{B^{\mathrm{p}’}}$ $(g\in B^{\mathrm{p}’})$ .
, $. \frac{1}{p}+\frac{1}{p’}=1$ , $1<\forall p<p_{1}$ ,
$||Tf||_{A^{\mathrm{p}}}\leq C.||f||_{HA^{p}}(f\in HA^{p})$ .
, Theorem 20 , Theorem $17\sim \mathrm{T}\mathrm{h}\mathrm{e}\mathrm{o}\mathrm{r}\mathrm{e}\mathrm{m}19$ ,
3 .
Theorem 21. $1<p_{0}<p_{1}<\infty$ , $T$ linear operator ,
$T$ : $HA^{p_{0}}arrow A^{p0}$
$T$ : $A^{p1}arrow A^{p_{1}}$
boundedly, . , $\forall p$ with $p_{0}<p<p_{1}$ ,
$T$ : $HA^{p}arrow A^{p}$
boundedly.
Theorem 22. $1<p_{1}<\infty$ $T$ linear operator ,
$T$ : $H^{1}arrow L^{1}(\mathbb{R}^{n})$
$T$ : $HA^{p1}(arrow A^{p1}$
boundedly, . , $\forall p$ with $1<p<p_{1}$ ,
$T$ : $HA^{p}arrow A^{p}$
boundedly.
Theorem 23. $1<p_{0}<p_{1}<\infty$ , $T$ linear operator ,
$T:HA^{p_{0}}arrow A^{pt\mathrm{J}}$
$T:HA^{p_{1}}arrow A^{p1}$
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